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1. Introduction 

In the context of A/” = 4 SYM a recipe for computing amplitudes at strong coupling via 
the AdS/CFT correspondence was spelled out in [1]. Such a description makes manifest 
certain symmetry properties that amplitudes display in their perturbative expansion 
at weak coupling. In particular dual conformal symmetry is naturally mapped to the 
standard conformal invariance of Wilson loops through the amplitude/Wilson loop 
duality [2-4]. For superamplitudes dual superconformal and Yangian symmetry [5-9] 
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of planar amplitudes is interpreted at strong coupling as the invariance of the AdS^ x 
(T-model under fermionic T-duality [10,11]. 

Elaborating on this argument the authors of [12] claimed that an extension of dual 
conformal symmetry involving masses also holds for amplitudes away from the origin 
of the moduli space, whose study was pioneered in [13]. More precisely, interpreting 
masses as an additional component of dual variables, ordinary dual conformal symmetry 
naturally extends to invariance under inversions in one extra dimension. Amplitudes of 
particles acquiring mass via the Higgs mechanism obey such a symmetry, which on the 
one hand is a powerful constraint for the integrals appearing in their loop corrections 
and on the other hand drastically simplihes the computation of the relevant integrals 
themselves. In particular, such a picture was suggested to provide a natural and sym¬ 
metry preserving way of regularizing the infrared divergences of planar amplitudes. 
Namely, the mass of particles running in the outermost propagators of planar loop 
integrals is used as a regulator. In order to do this, one specializes to a conhguration 
where all such masses are equal (and external particles are massless) and then takes 
the small mass limit, keeping only leading order terms in such an expansion. It has 
been checked to three and four loops that this regularization is such that amplitudes 
display a BDS-like [14] form [15,16]. 

Another interesting conhguration is four-point scattering with two different masses, 
and the limit where one is much larger than the other. Then the small mass serves as 
a regulator of soft infrared singularities in a Bhabha scattering process of two heavy 
W-bosons. Interestingly, from the coefficient of such a divergence one can extract the 
loop corrections to the anomalous dimension ri/2(0) of a space-like cusp (at an angle 
(j) related to the kinematics of the scattering event) between two 1/2-BPS rays [15,17]. 
This and the high precision at which A/” = 4 SYM scattering processes are known 
constitutes a powerful way of computing ri/2(0). Moreover, from the space-like 1/2- 
BPS cusp one can extract the hrst perturbative coefficients of the Bremsstrahlung 
function, which were used to test the formula determined in [18] for its exact value. 
As a further development, the picture described above was also applied to the study 
of bound states of W-bosons, tightened together by the exchange of massless particles 
associated to the unbroken gauge symmetry. In particular the dual conformal symmetry 
exhibited by amplitudes in partially Higgsed A/” = 4 SYM is pivotal in the computation 
of the spectrum of W-bosons bound states as shown in [19]. 

Since the idea of considering amplitudes on the moduli space of A/” = 4 SYM has 
triggered such interesting advances, it is a natural question to try to investigate this in 
other theories. In this note I consider my favourite one, namely ABJM, and move the 
hrst steps towards understanding how much of the A/” = 4 machinery can be applied to 
this three-dimensional CFT. 
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In ABJM theory [20] a strong coupling motivation for amplitudes to respect dual 
conformal symmetry has not been uncovered. In particular, despite several attempts 
[21-26], a recipe for a fermionic T-duality leaving invariant the corresponding AdS^ 
a-model has not been determined. Yet, the available results for amplitudes at weak 
coupling hint that dual conformal and Yangian [9] symmetry play a crucial role in 
scattering processes in ABJM, at least perturbatively. In particular Yangian [27] and 
dual superconformal [28] symmetry of ABJM tree level amplitudes was pointed out 
and the computation of their loop corrections at one [29-32], two [33-36] and three [37] 
loops reveals that they can be expressed in terms of dual conformally invariant integrals. 
This and the fact that planar ABJM theory possesses similar signs of integrability as 
for A/” = 4 SYM suggest that its on-shell sector could be integrable, despite the lack of 
strong coupling arguments. 

But what happens if we move around in the moduli space of ABJM? Such a question 
has been hrst addressed in [36]. The authors analysed the spectrum of masses arising 
from giving one of the scalar helds of the theory a vacuum expectation value, hnding 
a remarkable resemblance with respect to A/” = 4 SYM. This motivated the authors 
to use Higgsing as a regulator for amplitudes in a similar manner as proposed in [12]. 
In particular, in order to do this one sets up a conhguration such that all massive 
particles running in loop diagrams have equal mass m and that external particles are 
massless. Then the limit m —)■ 0 is taken, keeping 0(m^) terms, which provides the 
Higgs regularized result for the amplitude. In order to do this practically an effective 
prescription was taken in [36], which seems to lead to a very similar dictionary between 
logarithms of masses and poles in the dimensional regularization parameter as in A/” = 4 
SYM. This is remarkable as there is no a priori guarantee that infared divergences and 
their different regularizations should behave in the same manner in different dimensions. 
In particular the coefficient of the cusp anomalous dimension of the amplitude coincides 
with that of dimensional regularization. Apart from their application as a regularization 
procedure, I hud the symmetries of ABJM amplitudes in a nontrivial vacuum interesting 
in their own respect. As remarked in [36] the hints at integrability in ABJM scattering 
suggest that the symmetry properties exhibited by amplitudes at the origin of the 
moduli space could carry over also away from it. On the other hand I think that 
the absence of a sound argument at strong coupling motivates testing this optimistic 
expectation against some healthy perturbative computation. It is the scope of this 
letter to provide such an explicit check. 

The main prediction we want to verify here concerns the symmetry properties of 
loop integrands. In [12] it was claimed that loop integrands appearing in perturbative 
corrections to amplitudes are invariant under a particular extension of dual conformal 
symmetry involving masses. This was tested successfully against the computation of a 


- 3 - 



sufficiently simple one-loop four-point amplitude of scalars. In this letter we perform an 
analogous test, namely we compute a simple scalar amplitude and check the symmetry 
properties of the integrand under extra-dimensional inversions. In order to do this we 
do not assnme anything and perform a direct computation with Feynman diagrams, 
keeping all contributions, including bubbles and tadpoles. Indeed, while it is fair to 
exclnde them a priori in fonr dimensions, as they would contribute with UV divergent 
integrals, this is not the case in three. This requires computing the full Lagrangian 
of Higgsed ABJM theory, since we have not found snch a computation carried out 
completely in literature. This is done in section 3. Eqnipped with snch a Lagrangian 
we then derive the relevant Feynman rules required for our computation. 

Inspection of the propagators and vertices of the theory selects the easiest am¬ 
plitudes to compute. Keeping only scalar helds as external particles snch a simple 
amplitude is arguably the six-point one, with a snitable choice of flavour indices, so 
as to minimize the nnmber of contribnting diagrams. In section 4 we compute such 
an amplitnde at one loop and verify that indeed its integrand is invariant nnder the 
desired extended dual conformal symmetry. In particular the denominators of the rel¬ 
evant triangle integrals all get masses, cnring possible infrared singnlarities (which are 
nonetheless invisible in dimensional regularization). They are of the same form as those 
appearing in computations within A/” = 4 SYM, namely obtained by replacing sqnared 
invariants of dual coordinates with those of the extra-dimensional points, endowed with 
a mass. Since the same amplitude vanishes at the origin of the modnli space, one ex¬ 
pects it to be proportional to powers of the masses in the numerator, trivializing the 
small mass limit. This is indeed the case. In fact the powers and labels of these masses 
are exactly snch that the reqnired good properties under ” four-dimensional” inversion 
are indeed satished. The possible appearance of these nnmerators was pointed ont 
in [15], where nevertheless the authors argued that they would not affect the BDS 
exponentiation properties of three-loop Higgs regularised amplitudes of A/” = 4 SYM 
which were under exam there. 

As a byproduct we also compute an even simpler amplitnde, namely a totally 
fermionic six-point one, which also happens to receive a very limited amount of quan- 
tnm corrections. Again, for this to occur flavours have to be selected wisely. In this 
case we hnd the emergence of integrals with the same massive denominators as be¬ 
fore. The result then is not directly invariant nnder dual conformal transformations 
(though it was so in the massless case), due to the polarization spinors of fermions, 
which do not transform covariantly. In fact, in order to really ascertain the symmetry 
properties of this amplitnde one would have to construct the proper super amplitude 
and dual superconformal generators. Still, we stress that no lower topologies than tri¬ 
angle integrals appear (which is the basic reqnirement from dual conformal symmetry 
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in three dimensions) and that the denominators are precisely the fourth-dimensional 
extension of those in the massless case. Interestingly, also the numerator of this integral 
looks exactly like a natural extension of the result in the massless case. In particular, 
elaborating on the extra-dimensional interpretation of masses, the numerator can be 
obtained by replacing three-dimensional polarization spinors for massless fermions with 
four-dimensional ones, which are of the same form of massive ones in three dimensions, 
provided an identihcation between the mass and the extra momentum component is 
made. 

2. Higgsed theory amplitudes 

In this section we briefly review the setting of [12] for amplitudes on the moduli space 
of A/” = 4 SYM and its extension to the ABJM case. A/” = 4 SYM with gauge group 
U{N + M) is the low energy theory living on a stack of {N + M) D3 branes. One can 
engineer spontaneous symmetry breaking by pulling M branes apart from the other 
N. This would lead to a breaking of the original gauge symmetry to U{N) x U{M). 
Further displacing the M branes among themselves one breaks the symmetry to U{N) x 
U (1)^. Supposing for simplicity that the branes are moved in only one of the transverse 
directions, say the 9th, then this would correspond to equipping the adjoint scalars 
with an expectation value (which is a diagonal matrix with M nonzero entries). Strings 
connecting the bunch of N D3’s with the separated ones give rise to ’’heavy” massive 
particles, such as the W-bosons, whereas excitations of strings stretching between a 
pair of the M separated branes represent ’’light” massive particles. 

In [12] the planar scattering of light particles was considered. At loop level one can 
conveniently take the large N limit, more precisely N 3> M, which selects diagrams 
with the leading number of loops of indices in the unbroken part of the gauge group. 
In the planar limit only diagrams survive which have heavy particles running in the 
outermost propagators, where the external particles attach. It was then argued that 
amplitudes constructed in this way enjoy invariance under an extension of dual confor¬ 
mal symmetry involving masses. This was given an extra-dimensional interpretation, 
endowing dual coordinates with an additional component representing a mass 


Xi^ Xi = {xu mi) 


( 2 , 1 ) 


Then integrands can be rewritten in terms of hve-dimensional quantities and are in¬ 
variant under the hve-dimensional inversions 


Xi 

Xi ^ ^ 

xf 


( 2 , 2 ) 
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for any point, where the understood scalar product is now hve-dimensional. In partic¬ 
ular integrands can be expressed in terms of only hve-dimensional quantities, provided 
a (5-functions ensures the integration is four-dimensional. The requirement that the 
internal point has vanishing conformal weight under inversions excludes bubbles and 
triangles, as in the massless case. Then for external points the amplitude is invariant 
under the extended dual conformal boost 


A'" = 5^ 






A. 

dx'': 


+ rrii 




d 


dx. 




(2.3) 


where i = l,...n for n-particle scattering and /i = 0,1, 2, 3. This entails invariance 
under hve-dimensional inversions and dilatations and four-dimensional Poincare group 
transformations. Since the integrals constructed in this way are hnite, having infrared 
divergneces regularized by the masses, (2.3) is an exact symmetry of the amplitude 
also after integration, that is it does not possess an anomaly (as with dimensional 
regularization). 

In ABJM theory spontaneous symmetry breaking was studied in detail in [38,39]. 
In the M-theoretical strong coupling description this is achieved by displacing M M2 
branes from a stack of other N. Breaking symmetry in the same fashion as described 
above yields a spectrum of masses which displays some similarities with the A/” = 4 SYM 
one [36]. Despite the fact that the strong coupling interpretation of amplitudes and their 
symmetries is not transparent in ABJM, one could straightforwardly study the fate of 
dual conformal symmetry away from the origin of the moduli space in the weak coupling 
perturbative expansion. To accomplish this task we focus on the same conhguration 
described above, namely we take ABJM with gauge group U{N -|- M) x U{N -|- M) and 
break it to U{N) x U{N) plus a bunch of f/(l)’s. Then we consider again scattering 
of light particles in the N ^ M regime, which ensures planarity of the diagrams 
and a frame of heavy particles running in the outermost propagators. This setting was 
already considered in [12] to motivate Higgs mechanism regularization. Here we borrow 
the same construction, while keeping different hnite masses and analyse the symmetry 
properties of amplitudes. Two things are needed for this: hrst the complete Lagrangian 
of Higgsed ABJM and the following Feynman rules, and second a sufficiently simple 
amplitude to compute. The hrst task is carried out in the following section, whereas 
the choice of the suitable amplitude and its computation are dealt with in section 4. 


3. Higgsed ABJM Lagrangian 

In this section we compute the Lagrangian of Higgsed ABJM. Our starting point is 
the Lagrangian of [40] for ABJM theory in three-dimensional Minkowski space with 
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signature (—, +, +) (see Appendix A for more details), before gauge fixing. 
k 


k^ABJM — ^ Tr 
4:71 

k 

+ — Tr 
Att 




JB 


(AaAi^Ay — AaAjsA^) 


- lApY^d^Yl - iApYld^Y^ - iA^Ai^B + ApiA^^^i) 
+ 2YIA,Y^Ap - ApApYlY^ - ApApY^Yl 


B 


(3.1) 

(3.2) 

(3.3) 

(3.4) 


+ y^y"yiv°KiK®y;(i»ig3| + (3.5) 


- 2 (dy''v>*"'<*D - - 24s 




D 


(3.6) 

(3.7) 


where an explanation for all indices can be found at the end of this section. Without 
loss of generality we choose to give expectation value to the scalar helds Y^ (see below 
for an explanation on indices) 


{Y^y ,^V,S': + (Y'Y 


(K,t)',^.ti‘i‘+(y/)' 


(3.8) 


meaning that scalar helds acquire vacuum expectation value Vi in the f = A^ +1 ,... A^ + 
M diagonal entries. This way we break the original U{N + M) x U{N + M) gauge 
symmetry to {U{N) x x {U{N) x The choice of vacuum (3.8) also 

breaks the original 5'17(4) havour symmetry to SU{3), rotating the three remaining 
scalars with trivial vev. Then one obtains a new Lagrangian containing extra terms 
which we collect as follows 


k^ABJM — k^ABJM + k^Higgs ( 3 . 9 ) 

In the following subsections we spell out the various contributions to C,Higgs emerging 
from the original Lagrangian. 

A plethora of indices with different meanings arises. To avoid confusion we explain 
our notation as follows. We start with gauge indices: we label /, J,... = 1,... A^ + M 
gauge indices of the hrst U{N + M) gauge group, which we split into a,b, ■ ■ ■ = I, ■■■ N 
and = N + 1,... N + M, namely the former refer to the unbroken part of the 

original gauge group, whereas the latter to the broken. We use hatted indices for the 
second gauge group. At the price of introducing painfully looking formulae, we spell out 
all indices for the sake of clarity in what follows. We denote with A,B,... = 1, 2, 3,4 
flavour indices for the matter helds and use a hat to distinguish A, B,... = 2, 3,4 in 
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the SU{3) subgroup into which the original SU{4) flavour symmetry breaks after the 
Higgsing (3.8). Finally, we reserve Greek letters for spinor indices. 

3.1 Gauge-scalar sector 

Starting from cubic interaction terms between scalar and gauge fields (3.3) we get 
additional quadratic pieces 

* [t>. (-(A.)'.y + ( 4 )ta'‘(K,')ty) + 

+«• ((/i„)-,s'‘(y)VG (F)GG'‘(r')■/)] (3.10) 

which would mix gauge and scalar fields. These unwanted couplings can be cancelled 
by a proper gange 

4 /. = - 7 + n s‘, y) + 

+ I (a^i^ - i I Vj 6^^ y )'. (d^A^ + i { r" ei ^y)‘'. (3.11) 

where the gange parameters ^ and ^ have dimensions of mass. The corresponding ghost 
Lagrangian, althongh it is not reqnired for the one-loop amplitnde we will be interested 
in, featnres the standard part 

jCghost = ^ Tr c*dgd^c + c*dg,d^c - iA^[c, d^c*] - iA^[c, d^c*] (3.12) 

iTT L J 

plus interaction terms between ghosts and fields arising from the gauge variation of 
the scalar dependent part of the gange fixing function, of the form 

u [«. (c*)'.y (!'/)>■'/ - (<^*)''/ (r‘)thy] (3.13) 

and similarly for ghosts associated to the second gange gronp symmetry. What is left 
are (.^, .^)-dependent YM-like kinetic terms for the gange bosons and a gange dependent 
mass for scalars 

- -kP(?(y)'yK')'',-dr')'yy/)t) (3.14) 

The Y^ fields play the role of Goldstone bosons and, as their gange dependent mass 
snggests, they do not correspond to any physical state. In particular, they are not 
prodnced in physical processes and it is meaningless to compnte amplitndes for them. 
Following with the new terms after Higgsing, from qnartic interactions (3.4) we get new 
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cubic vertices with the helds and two gauge bosons. Since, as we have just said, 

there are no amplitudes helds, these new vertices do not play any role for computing 
the amplitudes we are interested in, at hrst order in perturbation theory. Therefore we 
do not spell them out here (but in the Appendix (B.l)). Finally there are mass terms 
for the gauge helds 

(A,rj (a>‘)a - \v,\‘ (A^Yj (A^y,+2v‘v, (a^y, s=, {Af‘y s‘. (s.is) 

from which we see that there is a non-trivial mixing between the two gauge groups. This 
could be a little annoying when performing computation, although we note that there 
is no mixing for heavy gauge helds with indices ia, namely the W-bosons. According 
to the discussion in section 2, we restrict to heavy helds running in the loop, through 
a large N limit. In this approximation the two gauge helds are not mixing and there is 
no need to compute a mixed propagator for them (which can be found in [36], anyway). 

Identifying \vi\^ = 2 rrii we can derive a very similar formula with respect to the 
Af = 4 case. Indeed we see that, as already analysed in [39] and [36], the diagonal 
helds remain massless whereas the oh-diagonal heavy ones get masses and the light 
modes have masses (mj — rrij)"^. 


3.2 Yukawa interactions 

From the Yukawa terms of the superpotential (3.6) we get additional interaction vertices 


V, (n')t i.y-'YK h+ 

- 6‘ (YVi S\ - V, (V.4)V. (iP'Y, S', (Y;Yj 

- 2 v‘ (Yyy S'. - 2 V, (Yl)\ S', 

+2 (yy^i S\ + 2 V, (^i)V S',. (Y\Yj 


(3.16) 


and mass terms (where we have explicitly separated U{N) and U{M) indices) 


-iM 


B 


rrii 


(■y-'Ti + (rrti - rn 


(V'*-’)', (V'b) 


(3.17) 


They are written in terms of mass matrices Mab = ^ab — breaking SU{4) to 
SU{3) X 17(1). The second part of Yukawa interactions (3.7) does not produce mass 
terms, but only extra cubic vertices which are not relevant for the computation of the 
amplitudes we detail later. Their form can be found in the Appendix (B.2). 
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3.3 Scalar potential 


From the scalar potential (3.5) we get modified terms whenever scalars with A = 1 
fiavour index are present. When all indices are set to 1, then the scalar potential 
vanishes identically, so we do not have to consider such a case. When only a pair of 
indices is 1 the vertex reads (trace is understood) 


1 

4 


^ ^ Y^YIY^Y^Y^YU 




2 L 


B 


ylytyAytyByt \ y^V^Y^Y^Y^Y^ Y'^Y^Y'^Y^Y'^Y 

1^1 1 ~i -'jw 11 1 1 ~ -r 11 1 ■'r-' 


A\rt\rB\rt\rA\rt 


iv'\v^vWBv'\ 


B 




B 


B 


(3.18) 


from which quartic and quintic new scalar vertices are produced. The latter will not 
be relevant for the one-loop amplitudes we are going to compute and we omit spelling 
them out (they are in any case easy to derive form the above formula). Quartic ver¬ 
tices are instead relevant since they could be used to construct potential triangle and 
fish diagrams, though wise choices of the amplitude could avoid these contributions. 
Nevertheless they should certainly be taken into account when computing the scalar 
fields self-energy. They read 




iY^yfiYiy\ (Y^r, (YAY + (F])F (Yy^ (W)- (y-)- + 


A\J 


rB\K 


A\L 


A> K 


l^^b) i 


j)t (T)b 


- 2 (Y-')',(Yl)\, (Y^ f, (Yl)Y - 2 (!'])• . (F!)'', (J-’) 




rB\K 


B> K 


ty 

L V^A 




+ 


t Y fj F (yY , (yt)t y, - 2 (K])t (yY-, S’. Yn. (yt)* ^ 


J s i i 


3 J 


K s i ij 

(3.19) 


Finally, additional contributions to the Lagrangian emerge from the part of the scalar 
potential with two pairs of indices equal to 1. This generates mass terms and cubic, 
quartic and quintic (which again won’t play any role in this paper) interaction vertices. 
The vertex reads (trace is understood) 


1 

4 




Among the new pieces coming from plugging the vacuum expectation value 
are the mass terms 


rrii 


(YA‘i (F])', + (F])’, (F-')'.) - 2 m, m, (F'’)'; (F!) 


‘ A2 


rt\i 


A\I 


' A> I 


rA\i 


'A' 


(3.20) 
(3.8) of yi 

(3.21) 


From this mass formula one sees that diagonal fields stay massless, whereas off diagonal 
ones are all massive. In particular heavy (y"^)T fields have mass mf, whereas light fields 
(yA)i^ have mass (rrij — rrij)^. Then there are new cubic vertices 


4 


(Fity (Y-Vj (Yjy, s\ + (y;)\ ^yyj)-, (y^y 1 + 


\\K 


1) 

' A> 


rA\J 
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+ V 


+ 


((K‘)v (Yifj (Y-y, + (Yy,yYyj (Yy 
+ V, (-2 (Y^'f, (vy SY (Y^y + {Y-y^^ (y])* (y,t)y+ 

+ ■ (y'^K iy^fi s'i - 2 {yy, s‘. {yy, {yy^ + 

+ iP (-2 (yj)* (Yy. (Yy^. + (y])v {vYj {Yyy+ 
+ (xy S’. (y^)y_ (y])*. - 2 (y')*, s’, (y^)^, (yt)v''' 


(3.22) 


These interactions induce new self-energy bubbles for the scalars, as well as potential 
triangle and box diagrams. Quartic vertices from (3.20) can be obtained whose form is 
rather cumbersome and which we display in full length in (B.3). 

In our computation these interactions will only contribute to the light scalars 
self-energy via tadpole diagrams. Focussing on the vertices which are relevant for this 
two-point function (namely those having and iY\Y helds) we can simplify their 

3 At 

form 


■(|t.y + K'ip - 2 it.jH (Y-y, (Y\)\ (y')y (y,t)“i+ 

+ yy + w? - 2 i«y) (yjt. [yy-^ Yy Yy+ 


+«, v‘ (yy*, {Y\)\ (yyy (y S'. + v" V, (Y-'y, (yj)y s‘, (yy* (y')“, s‘. 


y\k 


(3.23) 


3.4 Relevant propagators 


From the kinetic terms and masses described in the previous section we can extract 
the propagators which are needed when computing the amplitudes below. The heavy 
helds running in loops have the following massive propagators 


{(AyM(AyA-p)) 

((i'‘)yp)(i‘')t(-p)) 


{(yyM{yy,(-p) 


((r‘)‘a(p)(h)V-p)) 

{(i'AUpKyyyp) 


lysy 

2 yrnf [ 

1 515^ 

J- ] a 


2 + m 


2 

i L 


Pp — I rui 77^ + % 


ye^^’^Pp — irrii + i 


p^p^ 


p"^ + ^nii 

pt^pip 

p"^ — ^rrii 


—i 


B 3 a 

P‘2 _|_ ^2 

B 3 a 

p"^ -irrii 
fb/ -irriiMjA 

p2 _|_ ^2 


(Y^rmYiY (-P)) = 


B' y 


(r‘n(p)(h)t(-p)) = 


3 a 


{-i + rrii) 

(i + rni^ 

^ 2 I 2 

p^ + 

.yysj, 

— t - 

p"^ + ^rrii 
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(3.24) 






From the form of the gauge propagators we see that in general a convenient gauge 
choice could be = 0. This would produce an unphysical pole at = 0 in the 

gauge field propagator, which gets eventually cancelled against the contribution from 
the exchange of a (massless in this gauge) held when computing gauge invariant 
quantities. When using Higgsing as a means of regularizing amplitudes one sets all 
masses to be equal: m* = m. In this special case it should be convenient to perform the 
gauge choice ^ ^ = m, which effectively eliminates the last term of the propagator, 

simplifying calculations. On the contrary, our computation of amplitudes is sufficiently 
simple that we do not need to make any particular gauge choice, rather we can use 
cancellation of the gauge dependent parts as a consistency check of our results. In 
particular, the ^ dependent piece of the gluon propagators can be exposed by partial 
fractioning the last terms in the hrst two lines of (3.24). 

We also spell out the propagator for light external SU{3) scalar helds 


(i'''")‘i(p)(n)',(-p)) = 




—I 


S) 

B ‘ J 


+ {rrii — rrijy 


(3.25) 


Its one-loop correction also enters the computation of scalar amplitudes through the 
LSZ formula. All other propagators could be derived collecting quadratic terms from 
the Lagrangian above. The propagator for external light fermions is not needed in our 
computation, as we explain below. 


4. Symmetry properties of the simplest one-loop amplitudes 

4.1 Dual conformally invariant massive integrals 

Before starting the computation of amplitudes we would like to get an idea of what 
kind of integrals we should expect to arise if they were indeed invariant under extended 
dual conformal symmetry. Following [12] the most direct way to obtain such integrals 
consists in considering those emerging in the massless case written in terms of dual 
variables. These are invariant under ordinary d-dimensional inversions. Then one 
generalizes the squared invariants of d-dimensional dual variables to ((i-l-l)-dimensional 
ones, according to (2.1) and inserts a 5-function in the measure of integration, enforcing 
it to stay d-dimensional. This provides naturally an integral which is invariant under the 
generator (2.3). For example, at six points and in three space-time dimensions, in the 
massless case, one-loop amplitudes can be expressed in terms of the dual conformally 
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invariant triangle integrals 


d^k 


^i+2,i+3 

k^ (k - Pi,i+i)‘^ (k + 




^i-2,i+2 



X 


2 

0 , 1+2 


X 


2 

0,i-2 


(4.1) 


where i = 1, 2 ... 6 here labels the external momenta, with periodic identihcation. The 
conventions we use for dual variables and momenta are spelled out in Appendix A. 
Integrals (4.1) are naturally extended to massive ones, preserving dual conformal in¬ 
variance, according to the prescription (2.1). This procedure yields the massive integral 



9 ^9 ^9 

ry>^ 

To To To 

ry>^ ry>^ ry>^ 

■^0,i -^0,1+2 -^0,1-2 


(4.2) 


The measure of integration is [d^ xq] = d‘^x6{x^), where x^ refers to the extra component 
of dual coordinates. This allows to write the integrand completely in terms of extra- 
dimensional dual variables. In this sense the integrand transforms trivially under extra- 
dimensional inversion with respect to all dual variables, including the integration point. 
As in the massless case, this automatically excludes lower topologies than triangles, such 
as bubbles. 

Apart from (4.2), we can construct additional integrands which are invariant under 
(2.3), by using explicit factors of masses in the numerators, namely not only appear¬ 
ing implicitly through x'fj^s. This is allowed since the integrand should be invari¬ 
ant under d-dimensional Lorentz transformations and translations, but not {d + 1)- 
dimensional ones. Moreover the extra-dimensional inversion transformation (2.2) im¬ 
plies that masses transform according to rrii —)■ rrii/xf, which can be used to balance 
conformal weights in such a way that the integrand is invariant. Therefore we can 
naturally allow for a more general numerator of triangle integrals 



A 


9 ^9 ^9 

ry>^ ry>^ 

•^i,j •^i,k •^j,k 


+ Bulk xfj + Cm 


'3 Kk + Dmi 


+ Errii rrij ruk 


^9 ^9 ^9 

ry>^ ry>^ ry>^ 
"''0,1 


(4.3) 


where the coefficients A, B, C, D and E are arbitrary, meaning that each single integral 
is individually dual conformally invariant in this extended sense, as is easy to ascertain 
looking at the conformal weights of each point. 

We conclude this section with a remark on the four-point case. In that situation, 
in the massless case, it is not possible to construct a nonvanishing triangle integral 
which is invariant under dual conformal transformations. Rather, the dual conformal 
invariant integrand is a vector box with momenta in the numerator contracted by a e 
tensor. In the massive case, one can indeed construct nonvanishing integrands which 
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are invariant under (2.3) with explicit powers of masses in the numerators. However 
it is less clear how to obtain an invariant integrand starting from the massless one 
and trying to extend it in the extra-dimensional manner of (4.2). In particular in the 
formulation with a Levi-Civita tensor, the extra-dimensional deformation clashes with 
the three-dimensional nature of the tensor. Nevertheless the vector integral of this 
formulation can be reduced to a combination of scalar integrals, where the covariance 
under dual conformal transformation is obscured but still valid (see e.g. [41] for the 
explicit decomposition). It would be interesting to determine such a dual conformally 
invariant combination of scalar integrals in the massive case also and to check whether 
four-point amplitudes depend on it. 

4.2 Scalar six-point amplitude 

In order to check if AB JM amplitudes on the moduli space possess extended dual confor¬ 
mal symmetry we perform the explicit computation of the simplest possible amplitude 
at lowest loop order. We assume the planar limit N ^ M and color ordering. Then the 
perturbative series organises in powers of the’t Hooft coupling A = ^, which we take 
small. Curiously, the simplest amplitude to compute at one loop is not a four-point, 
but rather a six-point one. In particular we focus on the totally scalar amplitude 

A = (yj(pi) y*(P2) y^Pa) y"(pi) y^Ps) y*(P6)) (4.4) 

where we use light external helds, namely those with indices etc. as shown in 

iQ, 

hgure 1. 

We note the particular choice of the flavour 
assignments which is such that at tree level the 
amplitude only gets contribution from a scalar 
potential sextic vertex. This is true at the ori¬ 
gin of moduli space and keeps holding at a 
generic point as well. In fact it is easy to as¬ 
certain that new vertices cannot contribute to 
the relevant color structure of the amplitude. 

This is in contrast with other amplitudes which 
receive additional contributions from new ver¬ 
tices of the Higgsed Lagrangian, already at tree 
level. The four scalar amplitude 
is one of those. This motivates the choice of 
the amplitude (4.4). Six-point amplitudes at tree level are proportional to a factor of 
the coupling constant (^)^, which we suppress in the rest of the computation. Hence 





Figure 1: Six scalar amplitude. 
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at tree level the amplitude reads 



(4.5) 


Also, the particular choice of flavours dramatically constrains, in the planar limit, the 
number of quantum corrections this amplitude receives at one loop. This fact was 
used already in the massless case to compute these amplitude by a Feynman diagram 
computation in [29] (although using a superspace formalism). Also, the idea of using 
this kind of scalar amplitudes with a limited amount of corrections was already proposed 
in [12] in the context of A/" = 4 SYM and used in [42] (again within a superspace 
approach) to derive their one-loop contribution for all number of external particles. 

We now compute the one-loop corrections to (4.4). We mention (and it will also 
be evident from the computation that follows) that this correction vanishes identically 
at the origin of moduli space. This suggests that in case of dual conformal invariance, 
the amplitude should be expressible by integrals of the form (4.3) with A = 0, where 
the explicit presence of masses in the numerators guarantees that the vanishing result 
at the origin of the moduli space is easily recovered. 

At one loop, starting with amputated graphs, there are again the same triangle 
diagrams as for the massless case (though with massive propagators this time), plus 
additional hsh diagrams 
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We suppress a factor A relative to the tree level case in the following intermediate 
steps. The ith gauge vector A exchange evaluates (i is the even index of the mass 
corresponding to the vector boson, other masses are listed in counterclockwise order) 



i_ (fc - + 2pi_i)y 

2 + mj 


Sppvk' - I m --r 

[k^ + mj4) 


+ mi) 


(4.7) 


which after some algebra (in particular the part involving the Levi-Civita tensor, which 
is the only one contributing in the massless case, vanishes after Passarino-Veltman 
reduction of the vector triangle integral) gives 


yB 




1 

2 


[2 {rrii - mi_i) + 2 (m^ 


rrii+i) + 


-mi B{pli_^ m^+i) + —I (m^) - 2 [d^ xq] 

mi j 


mi X 




2 2 2 

/yt^ /y»^ 

•^0,i "''O.i-l "''0,i+lJ 


(4.8) 


where we have used x‘^_ii^i = (pi +pi+i)^ + (mj_i — mj+i)^ which naturally appears 
as the numerator of the triangle. The B and I integrals are bubbles and tadpoles with 
self-explanatory notation reviewed in (A. 10). There is an additional gauge dependent 
part, reading 






1 

2 mi 


H^mi) + mi {mi 


2 mi_i) B{p‘f_^, ml_^, ^ mi) + 


gauge dep 
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1 

2 




_ rrij {rrii - 2m^_i)(mi - 2m^+i)_ 

(P + ^mi)[{k - piY + + pi_i )2 + rnf_^] 


i even 


(4.9) 


The last term, which is a triangle, can be seen to be exactly cancelled by the same 
diagram where the gluon is replaced by a Goldstone boson and the new cubic 
vertices from the scalar potential are used 


yB 

-^hi+1 


1 

2 


(Yk 


rui {rrii - 2mi-i){mi - 2mi+i) 


(F + ^rni)[{k - piY + mj^-i][{k + pi-i^ + 


i even 


(4.10) 


When i is odd a A gluon is exchanged between a pair of Y and Y‘^ scalars in this order. 
Since the part of the diagram proportional to the Levi-Civita tensor vanishes, it is easy 
to realize that the contribution from these diagrams is the same as in (4.8), up to the 
gauge dependent part, which reads 




V!, 


2 mi 


I (-C rrii) + mi {mi - 2 mi_i) B{pf_^, mf_^, mi) + 


gauge dep 


+ mi {mi - 2 mi+i) B{pl, m*) 

mi {mi -2mi-i){mi - 2mi+i) 


+ 


1 [d^k _ 

2 J (F - + pi_i )2 + 


i odd 

(4.11) 


Again, the triangle is cancelled by the exchange of a Y^ scalar 




yi I 


VI. 
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d^k 


mi {mi - 2 mi-i){mi - 2 rui+i) 


(F - ^rni)[{k-piy + m‘^^^][{k + pi-iy + mf_^ 


i odd 


(4.12) 
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Next we analyse the contribution of fermion loop triangles, which was also present in 
the massless case. Here this diagram yields 

F* F] 

,i.iB / \ 

/c ■ 7 + i m 3 5 (/c + P 12 ) ■ 7 + f mi (5 (/c - P 34 ) ■ 7 + i ms 5\ 

k'^ + ml (/c + pi2)^ + mf (k — + ml J 

(4.13) 

The trace of three 7 matrices gives a Levi-Civita tensor and the resulting integral 
vanishes after performing Passarino-Veltman reduction. The trace of single 7 matrices 
vanishes as well and one is left with the following contributions 



Ff 




^3 ^15 + ^5 ^13 + ^35 + 8 ^^3 ^5 

^9 ^2 ^2 

"''Ol "''03 "''05 


+ (m3 + ms) B(p 34, mj, Ills) + (mi + m,) B(pl^, mj, m,) + (mi + m3) B(p?2, mj, m3) 

(4.14) 


The other fermion loop triangle diagram in (4.6) can be obtained rotating labels in 
the formula above by one site. In fact each of the three Yukawa vertices involved in 
this contributions has a sign difference with respect to those used in (4.13), but it is 
compensated by another sign in ordering fermions when Wick contracting. We pause 
at this point and focus on bubble and tadpole integrals obtained from the diagrams 
above, whose cancellation would represent the hrst hint at dual conformal symmetry. 
We begin collecting bubbles having a sum of two external momenta Pi^i+i inflowing 


-2mi+i)H(p._ii,m-_i,mi+i) (4.15) 

i=l 

where the sum comes from all possible gauge vector exchanges and fermion triangle 
diagrams. There are potentially new bubble diagrams which can be constructed using 
the new scalar vertices (3.19) coming from the scalar potential (3.18). On the contrary, 
it is easy to ascertain that those of (B.3) cannot contribute to the color ordered ampli¬ 
tude (4.4). These additional diagrams are depicted in the hrst two lines of (4.6). Such 
a contribution evaluates 


\ / 


- {mi - 2mi-i - 2mi+i) B{pl_^ i,ml_^,ml^^) 


(4.16) 
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Their sum precisely cancels (4.15). Then we are left with bubbles with a single mo¬ 
mentum inflowing. Those from (4.8) cancel out telescopically when summing over the 
various contributions, with periodic boundary conditions. Finally there are gauge de¬ 
pendent bubbles depending on a single momentum and tadpoles of (4.8) and (4.9). 
These contributions are of the same form as the corrections from the scalar self-energy 
entering the computation through the LSZ reduction formula. 

Scalar self-energy We compute the IPI diagrams contributing to the scalar two- 
point function. Such a computation involves several diagrams summarized in hgure 2 
and its details are collected in the Appendix C. Summing all these diagrams and 



Figure 2: Scalar self-energy. 


extracting the residue at pj = —{rrii — ruj+i)^ gives the wave-function renormalization 
Z of the helds at one loop. This contributes to the amplitude to the order we are 
considering via the LSZ formula as follows 



'^amputated 


1 

2 


4“>E 


41 ) 




Y 


(4.17) 


where we have denoted by Zy ^ the one-loop wave function renormalization of the 
external scalar helds Y, the factor {—i) comes from the scalar propagator and 1/2 from 
the square root in the LSZ prescription. In practice, using (C.15) and (4.5) this means 
that we have to add the following contribution to the amplitude (again ignoring factors 
of the coupling constant) 


E 


2 even 


2 m,' 




2mi+i 


I(mi+i) -I(-^mi+i) + 


+ {mi-2 nii+i) i TUi, m^+i) (rui+i - 2 m^) rrii+i) 
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i odd 




2 m,- 


I(mJ -l(-^mi) + 


2mi+i 

+ {rrii+i - 2mi) + (m* - 2 m^+i) -^m^) 

which can be checked to precisely cancel the remaining bnbbles and tadpoles. 


Final result We are ready to state the final resnlt for the six-scalar one-loop ampli¬ 
tude (neglecting coupling constants of the tree level one) 


4 “’ = -A 


[rf’xo] 


rrii X 


2 — 1 , 2+1 


2=1 


2 2 2 

rY>^ 

•^0,i -^0,1-1 -^0,1+1 


+ 


nii ++2,i-2 + I mi mi+2 mi_2 
^2 ^2 ^2 
■^0,i -^ 0 , 1+2 -^0,1-2 


(4.18) 


I stress that in the final result no bubbles and tadpoles are present, which is the first 
condition in order for dual conformal symmetry to hold in three dimensions. What 
is left are triangle integrals only, with massive denominators that resemble strikingly 
those of [12] in A/” = 4 SYM. The numerators display an explicit presence of masses, 
which was expected since the amplitude vanishes in the massless limit. Remarkably, 
the labels of these masses are precisely such that the integrands are invariant under 
the four-dimensional inversion 

^ fl 

i = l,...6 /i = 0,l,2 (4.19) 

xj 

which in particular entails rrii ^ This, in addition to invariance under three- 
dimensional Lorentz transformations and translations gives invariance under the gener¬ 
ator (2.3) in three dimensions. Indeed the integrals appearing in the result are precisely 
those of the form (4.3), pointed out before. As a side comment, I stress the emergence 
of numerators with an explicit presence of mass factors which were indeed predicted 
in [15], although they did not play a crucial role in that context. Here we explicitly 
ascertain that they emerge naturally when computing amplitudes on the moduli space 
(of ABJM). 


4.3 Fermionic six-point amplitude 

There is another amplitude which is particularly simple to compute. This is the totally 
fermionic amplitude 

A = (^^^(Pl) ^b(P2) A^(P3) AA) A^(P5) ^c(P6)) (4.20) 

of light fields with again a peculiar choice of flavour indices. This amplitude vanishes 
at tree level at the origin of the moduli space, but is nonzero at one loop [29]. At tree 
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level there are no additional diagrams contributing to it from the Higgsed Lagrangian, 
therefore the amplitude is still vanishing in the massive case 

= 0 (4.21) 

A rapid analysis at one loop reveals that in the large N limit there are only two 
contributions from the same triangle diagram with scalars running in the loop, as in 
the massless case 
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(4.22) 


Moreover the scalars running in the loop can only be of the SU{3) sector. These 
diagrams are easily evaluated and give (neglecting again coupling constants) 



= i 


u{piTu{p2)aU{pzYu{pi)i3u{p^yu{pQ)^ / [d^Xo] 


+ 


^2 ^2 ^2 
"''Ol -^03 "''OS 


u{pQYu{pi)o,u{p 2 Yu{p:i)pu{piyu{p^)^ / [d^Xo] ^2 -2 

J Xq2 Xq^ Xqq 


(4.23) 


The fact that the tree level amplitude vanishes also implies that this amplitude does 
not receive corrections from the fermion self-energy which therefore we do not need to 
compute. Thus (4.23) is the complete one-loop correction to (4.20). In the numerator 
there appear the polarization spinors for fermions. In the massive case they are solutions 
of the Dirac equation for a massive fermion 


— m)^! = 0 


(4.24) 


with the standard ansatz 'ip{p) - 
solution reads [11] 

u{p) 


u{p)e 


1 

Vpo - Pi 


In our conventions of Appendix A this 


/ P2-im\ 

\Pi-Po J 


(4.25) 


which (together with its complex conjugate) can be used as a polarization spinor for 
in(out)coming (anti)fermions. In the massless case the two solutions are identical 
u{pi)\p 2 =o = v{pi)\p 2 ^Q = Xi and satisfy 


= -2pi-pj 


(4.26) 
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Using this property, the numerator of the integrals (4.23) can be rewritten in the form 
(4.1) which is manifestly dual conformally invariant (and yields a constant when inte¬ 
grated). In the massive case such an identihcation is not possible any longer and the 
covariant properties under inversion of the massless case are lost. Nevertheless ampli¬ 
tudes with fermions would need to be embedded into a proper massive super amplitude 
in order to really ascertain their symmetry properties under dual (super)conformal in¬ 
variance [43]. Anyway it is comforting that at least the denominator of the integral has 
still the same form as the scalar amplitude and as expected from the A/” = 4 SYM case. 
In particular the fermion amplitude (4.23) is obtained from the massless integrand de¬ 
forming the denominator according to the extra-dimensional prescription Xi —)■ Xi and 
replacing the massless polarization spinors by the massive ones. Moreover, insisting 
on the suggestive extra-dimensional interpretation of amplitudes on the moduli space 
of [12], we can regard the mass appearing in the polarization spinors (4.25) as a fourth 
coordinate of momenta as follows 


Xi^ Xi = {xi, rrii) Pi^ pi = {Xi+i - Xi, nii+i - rrii) (4.27) 

and we dehne mi+i—rrii = min (4.25). Then the massive polarization spinors (4.25) are 
morally of the same form as the four-dimensional helicity spinors A and A for massless 
momenta (properly identifying their components). Therefore the massive amplitude 
(4.23) is somehow obtainable from the massless case by translating the external kine¬ 
matics to a four-dimensional one, including polarization spinors. 

5. Conclusions 

In this letter we have considered partially Higgsed ABJM theory and computed the 
simplest one-loop six-point amplitudes. We find that these are compatible with dual 
conformal invariance involving masses, which represents a strong test in favour of it to 
hold also away from the origin of the moduli space, as suggested in [36]. We have used 
some special six-point amplitudes since they are the easiest examples to study in terms 
of number and complexity of Feynman diagrams. It would be interesting to extend 
this analysis to the four-point amplitude as well. Considering the scattering of four 
scalars, then more Feynman diagrams are required for the evaluation of its one-loop 
correction. In particular, contrary to the six-point case analysed above, box diagrams 
are also possible which are likely to produce scalar box integrals as in the massless case. 
Then one should investigate if the combination of integrals appearing in this situation 
is also invariant under inversions involving masses. This is the roundabout way in 
which dual conformal invariance manifests itself in the four-point scalar amplitude of 
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ABJM at the origin of the moduli space, computed with Feynman diagrams. Hence it is 
likely that something similar happens when computing the same object in a nontrivial 
vacuum. If this was the case, that would provide a very strong check that dual conformal 
invariance persists away from the origin of the moduli space of ABJM. It would also 
be interesting to specialize four-point scattering to the two-mass conhguration as done 
in [15,17] and inspect a possible relation to the space-like cusp and Bremsstrahlung 
function of ABJM [44-49]. 
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A. Conventions and notation 


We are working in three-dimensional Minkowski space with metric = diag(—1,1,1) 
and a set of matrices satisfying 

(7m)/(7m)/ = (A.l) 

An explicit choice could be 7 = (i(T 2 , ai, < 73 ). 

With the aforementioned choice of 7 matrices we can determine polarization spinors 
for fermions as solutions of the Dirac equation 


-Po-Pi P2 + m \ 

u{p) = 0 

P2-m -po +pij 


where 'ip{p) = u{p)e A solution reads 


u{p) 

and the complex conjugate 


1 

VPo - Pi 


f P 2 -im\ 

\Pi-Po ) 


v{p) 


1 

VPo - Pi 


( p2 + im\ 

\Pi-Po ) 


They satisfy the relations 
and 


^0:^/3 Pa/H T ^ ^ ^0/3 


(ii) = Ua Vf^ = 2im 


(A. 2 ) 

(A.3) 

(A.4) 

(A.5) 

(A. 6 ) 


A.l Notation for integrals 

In the paper we use both the momentum space and dual variables description of loop 
integrals. They are related through the relation 

Pi = = Xi+i - Xi (A.7) 

Adopting the notation of [12] we use a hat for extra-dimensional dual coordinates 

Xi = {xi,mi) (A. 8 ) 

with the four-dimensional component playing the role of a mass. This massive defor¬ 
mation entails the on-shell condition for external momenta 


p 1 = - ^if 


(A.9) 
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which can be alternatively stated as Xij being light-like in four-dimensional space-time. 
In the text we use the following shorthand notations for bubble and tadpole massive 
integrals 


= d k 


l{m~) = / d^k 


k‘^ + [{k — PiY + m\ 


k'^ + mf 


(A.IO) 

(A.ll) 


B. Remaining pieces of the Higgsed Lagrangian 

In this section we complete the Higgsed Lagrangian with the extra interaction terms 
which were omitted in the main text. We start from cubic interaction involving and 
gauge fields 

2 v, (Yl fj (.1,)^, S‘, (A>‘Yi + 2 v‘ (A^r, {Y'Y:, (iot S\ + 2v'v, (A^)Y S’, S\ 

- V, (A-Y, (A-Yj (yY)\S', - Vi (A‘‘Yj (A^y, s\ {Y’Y, 

- Vi (Ay', (Ay, (yy,s\ - V, (AyjiAyy, (yIY, (b,i) 

From the Yukawa interactions (3.7) we find the following extra cubic couplings 


-i Vi ("^dYj i'^DYi (B-2) 


whereas mass terms do not arise, since there could not be two scalars with the same 
index. 

Finally, quartic vertices from the scalar potential (3.20) read 
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+ {Y^Yf {YlYj (Yi)W - Y Y {Y^Yj (Y^)A Y (Y^)) Y^iY^Y + h.c. 

(B.3) 
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C. One-loop scalar self-energy 

In this appendix we provide details of the computation of the one-loop corrections to 
the two-point functions of the SU{3) scalar helds 

(c.i) 

There are nonvanishing contributions from both bubble and tadpole diagrams. In the 
massless case this correction evaluates to zero, therefore the scalar self-energy here orig¬ 
inates entirely from Higgsing the theory, from both extending propagators to massive 
ones and new vertices. The relevant diagrams were pictured in hgure 2. All corrections 
are proportional to a trivial common factor ^ which we strip off the following 

contributions. Starting with bubble diagrams we obtain: 
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Then there are tadpole contributions reading 
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(C.ll) 

(C.12) 








—mil{m‘^) (Tr(M) — 2) = 0 
—mj I{m^) (Tr(M) — 2) = 0 


(C.13) 

(C.14) 


where d stands for the space-time dimension {d = 3) and the shorthand for integrals 
is collected in (A. 10). Also note that in the totally scalar tadpoles there are two 
different scalar exchanges as drawn in the picture, according to the couplings (3.23). 
The contribution computed above is already the sum of these. The hnal tadpoles with 
fermion loops are not identically vanishing, but are so after summing over the flavours. 
In addition to the above tadpole diagrams there are also those emerging from the 
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perturbative corrections to the expectation values of the scalars, which however do 
not contribute to the wave function renormalization of the scalars. Summing all the 
diagrams and extracting the residue at the mass {rrii — we obtain the one-loop 

wave function renormalization Z for the scalar helds, which in terms of the integrals 
we have introduced reads 


v(i) 

(YA)K, 


2 rrij nij L 


-rrij \{m ^) - I(^ rrii) - mW I(m ) - I(-^ rrij) + 


(C.15) 


-|- 2 rrij {rrii — 2 rrij) B(p^, ^ rrii, ^j) + 2 rrij {rrij — 2 rrii) B(p^, ^ rrij) 


For external conjugate scalar helds we use = ^{Y^y ■ 
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